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Abstract
In the present work, which aims at searching for bound sates, the interactions of the D-multi-ρ systems are
investigated by means of the formalism of the fixed-center-approximation to Faddeev equations. Reproducing
the states of f2(1270) and D1(2420) dynamically in the two-body ρρ and ρD interactions, respectively, as
the clusters of the fixed center approximation, the state of D(3000)0 is found as a molecule of D − f2 or
ρ−D1 structures in the three-body interactions, where we determine its quantum number JP = 2− and find
another possible state of D2(3100) with isospin I = 3/2. In our results, there are some other predictions
with uncertainties, a D3(3160) state with I(J
P ) = 1
2
(3+) in the four-body interactions, a narrow D4(3730)
state with I(JP ) = 1
2
(4−), a wide D4(3410) state of I(J
P ) = 1
2
(4−), and another wide D4(3770) state but
with I(JP ) = 3
2
(4−) in the five-body interactions, and a D5(3570) state with I(J
P ) = 1
2
(5+) in the six-body
interactions. Our results are consistent with the findings of quark models.
PACS numbers:
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I. INTRODUCTION
Multi-body interactions are a topic that has caught much attention in hadronic physics for a
long time. Solving the nonrelativistic scattering problems, several sets of equations were suggested
in Refs. [1, 2] for the three-body interactions. Reformulating the Lee model [3], Ref. [4] tried
to generalize Faddeev equations [1] for the cases of multiparticle scattering. Further, generalized
Faddeev equations to a relativistic version were given in Ref. [5]. But, in practice, it is not easy
to evaluate the multiparticale scattering amplitudes by solving these equations, since there are
complicated multi-scattering ladder diagrams which should be summed with all of them and a lot
of variables involved in the phase space of the integrations. Typically, the difficulties appear at
the calculations of the multi-body Green functions which maybe not have “convenient” solutions
for the multi-scattering amplitudes [2]. In fact, the generalizations of Refs. [4, 5] avoided these
difficulties by redefining the Green functions to simplify the summations. For nuclear physics, these
generalizations work much better since the Green functions are dominant by the free Hamiltonian
of the three-particle system, where the Faddeev equations can be deduced from the Lippmann-
Schwinger equations [6]. If no three-body force appearing, the three-body interactions can be
derived directly from the Schro¨dinger equations in the Jacobi coordinate space and a bound state
of three identical-particle system in a finite volume can be observed [7]. Furthermore, without
considering the particle spins, Refs. [8, 9] had extrapolated the Faddeev equation formalism to the
momentum space for the cases of three-boson systems. On the other hand, different with Faddeev
equation formulae, Refs. [10, 11] used a framework of the dispersion relation technique to solve
the three-body interactions which try to avoid the problem of ambiguous solutions in Faddeev
equations. Also based on the dispersion relation approach, Ref. [12] discussed the problem in the
coupled channel cases for the final state interactions of three spinless-particles. Indeed, evaluating
the three-body Green functions both in the coordinate and in the momentum space under the fixed
center approximation, the ambiguous results were found in Ref. [13] where they tried to fix them
with some experimental inputs. Besides, driven from an effective field theory for non-relativistic
particles, a different formalism was proposed in Ref. [14] for the few-body interactions.
As discussed above, it is difficult to solve the three-body Faddeev equations (the three-body
problem) strictly, and even worse in the relativistic cases. In practical treatments, one should
make some assumptions or approximations, and faces with less difficulties in some special cases.
For example, the deuteron is a bound state of a pair of nucleons, and it is convenient to let
another light particle to collide with them. The hyperon-nucleon interactions, kaons interacted
with deuteron, had attracted much attentions for a long time [15], which used a non-relativistic
Faddeev formalism to study K−d → π−Λp reaction with some approximations on the two-body
inputs and the restrictions of s-wave interactions. Using chiral perturbation theory, the reaction
γd→ π+nn was accurately calculated up to order χ5/2 in Ref. [16] where the three-body dynamics
of the πNN loop diagrams is discussed in detail. Analogously, Ref. [17] investigated the reaction
K−d → πΣn only up to second order of the summation of the three-body interaction diagrams,
where a three-body unitarity cut was taken to the Green functions. Recently, the work of [18]
(references therein) made some detail discussions on the three-body antikaon-nucleon interactions
and reviewed some results of the antikaon-nucleon systems using the Faddeev-type Alt-Grassberger-
Sandhas equations where they applied a free Green function for the three-body propagator (non-
relativistic one). Using a different kinematical mechanism compared to Ref. [17] as clarified in
Ref. [19], a K−d quasi-bound state degenerated in spin S = 0 and S = 1 was found in Ref.
[20] as the findings in Ref. [18]. Note that, in Ref. [20], they applied a formalism of the fixed-
center-approximation (FCA) [15, 21–23] to the Faddeev equations, based on a sets of full Faddeev
equations [24]. Indeed, a formalism with full Faddeev equations was derived in Ref. [24], which
was simplified by an on-shell approximation of the chiral unitary approach and where the three-
2
body loop functions were still complicatedly to evaluate even though the on-shell factorizations
had been taken. By taking the FCA to the Faddeev equations, the three-body loop functions
(relativistic ones) involved the complicated phase space integrations are absorbed into the form
factor of the cluster (fixed center) which simplifies the calculation of the three-body loop functions
compared to the ones in the full Faddeev equations [24]. Using this formalism, several multi-ρ(770)
states, f2(1270), ρ3(1690), f4(2050), ρ5(2350), and f6(2510), are dynamically produced in Ref. [25]
and explained as the molecules of an increasing number of ρ(770) particles with parallel spins. An
analogous finding was found in Ref. [26] for theK∗-multi-ρ systems where the resonancesK∗2 (1430),
K∗3 (1780), K
∗
4 (2045), K
∗
5 (2380) and a new K
∗
6 were explained as molecules with the components
of an increasing number of ρ(770) and one K∗(892) meson. Furthermore, this formalism was
extrapolated to investigate the D∗-multi-ρ and K-multi-ρ interactions in Refs. [27, 28]. More
discussions and applications about this formalism can be found in Ref. [29] and references therein.
In experiments, several DJ and D
∗
J states were reported by LHCb [30, 31] (more discussions about
the charm and beauty mesons can be found in the recent review of Ref. [32], and some discussions
and predictions about DsJ and BsJ can be referred to Ref. [33]), where the mass of D
∗
3(2760) state
was consistent with the predicted one in Ref. [27]. Thus, with the motivations from the successes
of the FCA to the Faddeev equations and the new findings in the experiments, the present work
investigates the interactions of the D-multi-ρ systems.
Our paper is organized as follows. We first discuss the formalism of the three-body Faddeev
equations with the FCA. Then we show the reproduced results of the two-body interactions. In
the following section, the main results for the multi-body interactions are given. We finish with
our discussions and conclusions at the end.
II. THREE-BODY INTERACTION FORMALISM
In this section, we discuss the formalism of the three-body interactions where how we take the
FCA to the Faddeev equations. As suggested in Ref. [1], the total three-body scattering amplitude
T can be summed with three partition amplitudes,
T =
3∑
i=1
T (i), (1)
where the component T (i) includes all the possible interactions contributing to the total scattering
amplitude T with the particle i being a spectator at the beginning of the interactions. Indeed, the
three components of T (i) are identical in their functional form. In fact, they are not independent and
correlated with each other, which can be summed with a lot of complicated ladder diagrams when
the two-body interactions between three identical particles permute to infinity order. Therefore,
the strict solution of Eq. (1) seems to be impossible for the numerous propagations. Thus, in
practice, we should take some approximations to treat the summation. For the cases of having
bound states to appear in the two-body subsystems, we can assume the clusters of the bound state
as the fixed center of the three-body systems and take the FCA [15, 21–23] to the Faddeev equations
as done in Refs. [25, 26], which can simplify the calculations as discussed in the introduction. For
example the cluster coming from T (3), which is formed by the two particles (named as particle 1,
2) and is not much modified by the third particle (particle 3), thus, the T (3) partition amplitude
only contributes to the cluster of the FCA, and then the multi-scattering processes just happen at
the third particle interacting with the two components of the cluster. Therefore, we can simplify
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FIG. 1: Diagrammatic representation of the FCA to Faddeev equations.
the Faddeev equations of Eq. (1) as the form
T1 = t1 + t1G0T2, (2)
T2 = t2 + t2G0T1, (3)
T = T1 + T2, (4)
which can be depicted in the diagrams of Fig. 1. From Fig. 1, the Faddeev equations under the
FCA are first a pair of particles (1 and 2) forming a cluster, shown as the grey ellipses, and then
particle 3 interacts with the components of the cluster, undergoing all possible multi-scattering
processes with those components. Thus, the two partition amplitudes T1 and T2 sum all diagrams
of the series of Fig. 1 which begin with the interactions of particle 3 with particle 1 of the cluster
(T1), or with the particle 2 (T2). The T1 and T2 are the summation of the diagrams in the upper
parts and the lower parts, respectively. Finally, the summation of the all of these diagrams are the
total three-body scattering amplitude T . Besides, the amplitudes t1 and t2 represent the unitary
scattering amplitudes for the interactions of particle 3 with particle 1 and 2, respectively, with their
coupled channels, which should be taken into account the isospin structures of the subsystems and
discussed in details for different cases in Section IV. Finally, the function G0 is the propagator of
particle 3, given by
G0(s) =
1
2MR
∫
d3~q
(2π)3
FR(~q )
1
q02(s)− ~q 2 −m23 + i ǫ
, (5)
where q0(s) is the energy of particle 3 in the three particle system, written
q0(s) =
s+m23 −M2R
2
√
s
, (6)
with m3 is the mass of the third particle and MR the mass of the cluster, and FR(~q ) is the form
factor of the cluster of particles 1 and 2. In our present cases, the expression of the form factors
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for the S-wave bound states is taken as [34],
FR(~q ) =
1
N
∫
|~p |〈Λ′,|~p−~q |〈Λ′
d3~p
1
2ω1(~p )
1
2ω2(~p )
1
MR − ω1(~p )− ω2(~p )
1
2ω1(~p− ~q )
1
2ω2(~p− ~q )
1
MR − ω1(~p − ~q )− ω2(~p− ~q ) ,
(7)
N =
∫
|~p |〈Λ′
d3~p
( 1
2ω1(~p )
1
2ω2(~p )
1
MR − ω1(~p )− ω2(~p )
)2
, (8)
where ωi =
√
~q 2 +m2i (i = 1, 2) are the energies of the particles 1, 2, and mi the corresponding
particle masses. We use a cutoff Λ′ to regularize the integrals of Eqs. (7) and (8), which is the
same one used in the loop functions of the two-body interactions to reproduce the cluster [26]. In
fact, in Eq. (5), there should be also another cutoff, which is taken as 2Λ′ for the constraints of
the form factor (more discussions will be in Section IV). Thus, in our formalism no free parameters
are involved.
Next, we should take into account the different weight factors coming from the normalization
of the particle fields, where how these factors appear in the single scattering, the double scattering
and the total scattering amplitudes [26]. In our present cases, all of the particles, particles 1, 2,
3, and the cluster, are mesons, only related to meson fields. Thus, we can write the S matrix of
single scattering diagrams, Figs. 1 (a) and (e),
S
(1)
1 =− it1(2π)4 δ(k + kR − k′ − k′R)
× 1V2
1√
2ω3
1√
2ω′3
1√
2ω1
1√
2ω′1
, (9)
S
(1)
2 =− it2(2π)4 δ(k + kR − k′ − k′R)
× 1V2
1√
2ω3
1√
2ω′3
1√
2ω2
1√
2ω′2
, (10)
where, k, k′ (kR, k′R) are the momenta of the initial and final scattering particles (R for the cluster),
ωi, ω
′
i the energies of the initial and final particles, V is the volume of the box where the states are
normalized to unity and the subscripts 1, 2 refer to scattering with particle 1 or 2 of the cluster.
The S matrix of double scattering diagrams, Figs. 1 (b) and (f), are given by,
S(2) =− i(2π)4δ(k + kR − k′ − k′R)
1
V2
1√
2ω3
1√
2ω′3
1√
2ω1
1√
2ω′1
1√
2ω2
1√
2ω′2
×
∫
d3q
(2π)3
FR(~q )
1
q02 − ~q 2 −m23 + i ǫ
t1t2, (11)
where FR(~q ) is the cluster form factor that we have discussed above, seen in Eq. (7).
Analogously, the full scattering S matrix can be written as,
S = −i T (2π)4δ(k + kR − k′ − k′R)×
1
V2
1√
2ω3
1√
2ω′3
1√
2ωR
1√
2ω′R
. (12)
Now, by comparing the different normalization factors of Eqs. (9), (10), (11) and (12), we can
introduce the weight factors for the elementary amplitudes,
t˜1 =
2MR
2m1
t1, t˜2 =
2MR
2m2
t2, (13)
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where we have taken the approximations for the meson fields, 1√
2ωi
≃ 1√
2mi
. One should keep
in mind that, when one of the particles in the two-body subsystem (the cluster, the particles 1
and 2) is a baryon, the factors of 2MR and/or 2mi in Eqs. (5) and (13) should be replaced by
1 correspondingly for the approximations of the baryonic fields
√
2MB
2EB
≈ 1. Finally, the total
three-body scattering amplitude T is given by
T = T1 + T2 =
t˜1 + t˜2 + 2 t˜1 t˜2 G0
1− t˜1 t˜2 G20
. (14)
When t˜1 = t˜2 in some cases, it can be simplified as,
T =
2 t˜1
1− t˜1G0
. (15)
Note that, the FCA to Faddeev equations just can particularly be used to study a three-body
system with the subsystem bound or even loose bound, as discussed in Ref. [20]. Furthermore, for
the unitary amplitudes corresponding to single-scattering contribution, one must take into account
the isospin structure of the cluster and write the t1 and t2 (t˜1 and t˜2) amplitudes in terms of the
isospin amplitudes of the (3,1) and (3,2) systems, discussed later.
From the single scattering S matrix, Eqs. (9) and (10), and the full S matrix, Eq. (12), we
should note that the arguments of the amplitudes Ti(s) and ti(si) are different, where s is the total
invariant mass of the three-body system, and si the invariant mass of the two-body subsystems.
The expression of si in terms of s is given by [26],
si = m
2
3 +m
2
i +
(M2R +m
2
i −m2j)(s −m23 −M2R)
2M2R
, (i, j = 1, 2, i 6= j), (16)
where the uncertainties of this formula can be referred to the discussions of Ref. [35], and which
of cause will introduce some uncertainties to our results as discussed in Ref. [28].
III. BASIC TWO-BODY INTERACTION
In the former section, we have discussed the formalism of the Faddeev equations under the FCA.
Starting with this formalism, first, one should look for bound states in the two-body subsystems
which can be treated as the cluster of the fixed center. Then, with this cluster in the fixed center
of the three-body system, let the third particle collide with the cluster and interact with two
components of the forming cluster. In our present cases, the basic subsystems of the D-multi-ρ
systems are the two-body ρρ and ρD interactions which were studied in Refs. [36] and [37]. In
their works, the states of f2(1270) and D1(2420) were dynamically reproduced and associated as
the bound states of ρρ and ρD respectively, which are the clusters of the fixed center in our three-
body interactions. We briefly summarize their works and reproduce their results, and at the same
time obtain the two-body scattering amplitudes of the subsystem which are the essential inputs of
the Faddeev equations, seen the discussions in the last section.
A. ρρ interaction
First, we discuss the two-body ρρ interactions based on the work of Ref. [36], which studied
the ρρ interactions using the local hidden gauge formalism [38–40] and the coupled channel chiral
unitary approach [41–43]. In their work, the f2(1270) state was dynamically produced in the strong
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two-body ρρ interactions 1. From the local hidden gauge Lagrangians, one can derive the potentials
of ρρ interactions, which are projected to the s-wave, for the sectors of spin S = 2, isospin I = 0
and I = 2 obtained,
V (I=0,S=2)ρρ (si) = −4g2 − 8g2
( 3si
4m2ρ
− 1
)
, (17)
V (I=2,S=2)ρρ (si) = 2g
2 + 4g2
( 3si
4m2ρ
− 1
)
, (18)
where the coupling g =MV /(2fπ), withMV the vector meson mass and fπ the pion decay constant.
Using these interaction potentials as the basic inputs, the two-body scattering amplitudes of ρρ
interactions are given by the on-shell Bethe-Salpeter equations,
tI = [1− V IGI ]−1V I , (19)
where the kernel V I is a matrix of the interaction potentials and GI a diagonal matrix of the loop
functions (see Appendix A). Note that the upper index I represents the specific isospin sector for
the potentials of the coupled channels sorted by different isospins, which is the isospin structures
of the two-body interaction amplitudes.
Following the work of Ref. [36] to dynamically reproduce the f2(1270) state, we also take into
account the contributions of the box diagrams and the ρ mass distributions for its large decay
width, where some details can be found in Appendix A and more discussions should be referred to
Ref. [36]. The contributions of the box diagrams were taken into account with two pseudoscalar
mesons in the intermediate states of the box, where we just add the imaginary parts of the box
diagram contributions for the corrections of the potentials V I and neglect its real parts, which
are much smaller than the imaginary parts. We do not take these intermediate channels in the
box diagrams as accounting for the coupled channels since the thresholds of these intermediate
channels are much lower than the dominant vector channels. For considering the effects of the
large decay width of ρ meson, we do the convolutions for the loop functions in the corresponding
channel with the contributions of the ρ mass distributions. Our reproduced results are shown in
Fig. 2 for the sector of I = 0, S = 2, which are consistent with Ref. [36], and where the structure
of the resonance f2(1270) is shown in the peak of the modulus squared of the amplitudes. Thus, we
have dynamically reproduced the f2(1270) state in the ρρ interactions which is one of the clusters
in our present work. For the nonresonant amplitude t
(I=2,S=2)
ρρ , which is the essential inputs of the
two-body interaction amplitudes t1, t2 when we consider the isospin structures of the subsystems
(discussed later), we do not show in the figure.
B. ρD interaction
Second, we revisit the ρD interactions with its couple channels which had been done in Ref.
[37]. Following the work of Ref. [37], there are seven channels coupled to ρD channel, which are
D∗π, D∗sK¯, K¯∗Ds, D∗η, ωD, D∗ηc, J/ψD 2. Using the corrected Lagrangian where the masses of
the heavy vector mesons are taken into account, the transition potentials are given by
V Iij(s, t, u) = −
CIij
4fπ
(s− u)ǫ · ǫ′, (20)
1 The approximations made in this formalism are being scrutinized in Ref. [44].
2 In fact, the thresholds of the D∗ηc and J/ψD channels are far away from the other channels’, which have influences
negligible on the main results of the bound states in the lower channels and are analogous with the KΞ channel
in the interactions of K¯N and its coupled channels [42].
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FIG. 2: Modulus squared of the scattering amplitudes: |tI=0,S=2ρρ |2.
where the lower indexes of i (j) channel of the incoming (outgoing) particles, and the coefficients
of CIij can be found in Appendix A.1 of Ref. [37], also given in Table. I where C
I
ij = C
I
ji (i 6= j)
and γ = (mL/mH)
2 with the scales of light and heavy vector mesons, mL = 800 MeV and mH =
2050 MeV [37]. As done in Ref. [37], we should do the s-wave projections for the potentials of Eq.
TABLE I: The coefficients of CIij in Eq. (20) for the I =
1
2
sector.
Channels D∗π ρ D D∗sK¯ K¯
∗Ds D
∗η ω D D∗ηc J/ψD
D∗π -2 γ
2
√
3
2
0 0 − γ
2
0 −√2 γ
ρ D -2 0 −
√
3
2
γ
2
0
√
2 γ 0
D∗sK¯ -1 0 −
√
3
2
−
√
2
3
γ 0 2γ√
3
K¯∗Ds -1 −
√
2
3
γ −
√
3
2
2γ√
3
0
D∗η 0 γ
6
0
√
2 γ
3
ω D 0
√
2 γ
3
0
D∗ηc 0
4γ
3
J/ψD 0
(20), and then, using the inputs of these potentials for the the on-shell Bethe-Salpeter equations,
we can evaluate the scattering amplitudes,
tI = [1 + V IGˆI ]−1(−V I)~ǫ · ~ǫ ′, (21)
where ~ǫ (~ǫ ′) represents a polarization vector of the incoming (outgoing) vector-meson, and now
the matrix elements for the loop functions are given by
GˆIii = (1 +
1
3
q2i
M2i
)GIii, (22)
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FIG. 3: Modulus squared of the scattering amplitudes: |tI=1/2ρD |2.
with a diagonal matrix of elements GIij as the normal one in Eq. (19) but using a dimensional
regularization expression, as done in Ref. [37]. Note that, Eq. (21) is different from Eq. (19) for
the factor of ǫ · ǫ′ in Eq. (20) where one can refer to Appendix B of Ref. [45] for more details.
Besides, we have checked that, indeed, the term of 13
q2i
M2i
is small and thus it has not much influences
of the results, as discussed in Ref. [45]. Since some of the vector mesons, for example the ρ and
K∗ mesons, have large decay widths, thus, as the cases of ρρ interactions above, we also take
into account the mass distributions of these particles, and consider the convolutions of the vector
mesons as intermediate state in the loop functions GIii, where more details can be seen in Appendix
A. Furthermore, as done in Ref. [37], we have ignored the convolutions for the vector mesons with
smaller width where the contributions of the mass distributions are trivial. In Fig. 3, we show the
results for the modulus squared of t
I=1/2
ρD , where the D1(2420) is reproduced in our work as the
cluster of the FCA. We also found three poles in the second Riemann sheets and evaluated the
couplings of them to every channels, which are consistent with the results of Ref. [37] and where
the conclusions of the second pole corresponding to D1(2420) state are made. Even though the
second pole locates about 100 MeV higher than the mass of the D1(2420) state, seen Fig. 3 and
more discussions referred to Ref. [37]. Besides, the results for the I = 3/2 sector are not shown
in the figure, since there are only two coupled channels, D∗π and ρD, and there is no resonance
appeared. But this sector should be taken into account for the isospin structures of the subsystems
(discussed later), and we also evaluate the amplitude t
I=3/2
ρD using the same model.
IV. RESULTS
In this section, we show our study results of theD-multi-ρ interactions, since we have reproduced
the resonances of f2(1270) and D1(2420) in the ρρ and ρD two-body interactions in the last section.
Assuming the states of f2(1270) and D1(2420) as the clusters and using the formalism of Faddeev
equations under the FCA as discussed in Sec. II, we can start to investigate the the D-multi-ρ
interactions. Based on the two options for the clusters in the two-body interactions, the states
of f2(1270) and D1(2420), thus, for the three-body interactions, we have two possible cases: (i)
particle 3 = D, cluster R = f2 (particle 1 = ρ, 2 = ρ) and (ii) 3 = ρ, R = D1 (1 = ρ, 2 = D).
Supposing these two clusters interacting with each other, we can employ the FCA ideas for the
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four-body interactions, and thus, we also have two cases: (i) 3 = f2, R = D1 (1 = ρ, 2 = D) and
(ii) 3 = D1, R = f2 (1 = ρ, 2 = ρ). If we can find some bound states in the four-body interactions,
we can treat these bound states as new cluster of the FCA and let another meson collide with
them. Therefore, we can extrapolate the FCA formalism to the five-body interactions. We have
known the state f4 explained as the molecules of four ρ mesons [25], and assumed a new bound
state, D3, found in our four-body interactions, and thus, there are also two cases for the five-body
interactions, (i) 3 = D, R = f4 (1 = f2, 2 = f2) and (ii) 3 = ρ, R = D3 (1 = f2, 2 = D1).
Following, for the six-body interactions, let the two-body cluster, f2(1270) or D1(2420), collide
with the four-body bound states, f4 or D3, we have two options as well: (i) 3 = D1, R = f4
(1 = f2, 2 = f2) and (ii) 3 = f2, R = D3 (1 = f2, 2 = D1). Finally, we summarize all the possible
cases for the D-multi-ρ interactions in Table II, where we only consider up to number six (n-body)
for the maximum binding energy in per ρ meson evaluated in Ref. [25]. Next, our results for all
these cases are discussed below.
TABLE II: All possible cases for the D-multi-ρ interactions.
Particles: 3 Cluster (1,2) Amplitudes
Two-body ρ D tρD
ρ ρ tρρ
Three-body D f2 (ρρ) TD−f2
ρ D1 (ρD) Tρ−D1
Four-body D1 f2 (ρρ) TD1−f2
f2 D1 (ρD) Tf2−D1
Five-body D f4 (f2f2) TD−f4
ρ D3 (f2D1) Tρ−D3
Six-body D1 f4 (f2f2) TD1−f4
f2 D3 (f2D1) Tf2−D3
A. Three-body interactions
First, we begin with the discussions for the three-body interactions. From Table II, there are
two possible structures, D − f2(ρρ) and ρ − D1(ρD): (i) 3 = D, R = f2 (1 = ρ, 2 = ρ) and (ii)
3 = ρ, R = D1 (1 = ρ, 2 = D). As the basic inputs of the FCA to Faddeev equations, seen
Sec. II, the t1 and t2 amplitudes of the (3,1) and (3,2) subsystems, t1 = t2 = tρD for D − f2(ρρ)
scatterings and t1 = tρρ, t2 = tρD for ρ − D1(ρD) scatterings, have been discussed in the last
section, following Refs. [36, 37]. But, to evaluate the form factor of the cluster, seen Eq. (7), a
cutoff Λ′ should be used, which is the same as the cutoff qmax applied in the loop functions of the
two-body interactions, discussed in Sec. II. Note that, the dimensional regularization scheme is
used for the loop functions in Ref. [37], seen in Appendix A. Following the method mentioned in
Ref. [46], we can match two regularization schemes of the loop functions at the threshold of the
corresponding channels, and then, the equivalent parameters are obtained. Therefore, we obtain
qmax = 1254 MeV for the D1(2420) cluster. Besides, we take qmax = 875 MeV for the f2(1270)
cluster as the one used in Ref. [36]. Indeed, we do not introduce any free parameter as discussed
before. In Fig. 4, we show the results of the form factor of D1(2420) cluster and the G0 function
of ρ−D1(ρD) scatterings. Form the results of the form factor in the left panel of Fig. 4, one can
find that a cutoff 2Λ′ is enough for the G0 function of Eq. (5), as discussed in Sec. II and seen
the results on the right panel of Fig. 4 for the real and imaginary parts of the G0.
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FIG. 4: The results of the form factor of D1(2420) state (left) and the real and imaginary parts of the G0
function in ρ−D1 scatterings (right).
As mentioned in the formalism of Sec. II, the isospin structures of the subsystems for the two-
body amplitudes t1 and t2 should be taken into account. In the case of D − f2(ρρ) scatterings,
since the cluster of f2 resonance has isospin I = 0, the two ρ mesons combine in an I = 0 state,
having
|ρρ〉(0,0) = 1√
3
[|(1,−1)〉 + |(−1, 1)〉 − |(0, 0)〉], (23)
where |(1,−1)〉 denotes |(I1z , I2z )〉 with the isospin Iz (third) components of particles 1 and 2, and
|ρρ〉(0,0) means |ρρ〉(I,Iz). Then, taken the third particle of D meson as |I3z 〉 = |12 〉, we obtain
T
( 1
2
, 1
2
)
D−f2 =(〈D|(
1
2
, 1
2
) ⊗ 〈ρρ|(0,0)) (tˆ31 + tˆ32) (|D〉(
1
2
, 1
2
) ⊗ |ρρ〉(0,0))
=
[
〈1
2
| ⊗ 1√
3
(
〈(1,−1)| + 〈(−1, 1)| − 〈(0, 0)|
)]
(tˆ31 + tˆ32)
[
|1
2
〉
⊗ 1√
3
(
|(1,−1)〉 + |(−1, 1)〉 − |(0, 0)〉
)]
=
1
3
[
〈(3
2
,
3
2
),−1|+
√
1
3
〈(3
2
,−1
2
), 1| +
√
2
3
〈(1
2
,−1
2
), 1| −
√
2
3
〈(3
2
,
1
2
), 0|
−
√
1
3
〈(1
2
,
1
2
), 0|
]
tˆ31
[
|(3
2
,
3
2
),−1〉+
√
1
3
|(3
2
,−1
2
), 1〉 +
√
2
3
|(1
2
,−1
2
), 1〉
−
√
2
3
|(3
2
,
1
2
), 0〉 −
√
1
3
|(1
2
,
1
2
), 0〉
]
+ · · · ,
(24)
where we take the notation of |(32 , 32),−1〉 ≡ |(I31, I31z ), I2z 〉 for t31, and the analogous derivations
for t32 are not shown. Finally, the amplitudes considering the isospin structures are given by
t1 = tρD =
1
3
(
2 t
I=3/2
31 + t
I=1/2
31
)
, t2 = t1, (25)
where the amplitudes t
I=1/2
31 and t
I=3/2
31 for ρD scatterings have been evaluated in Sec. III.
But, in the case of ρ−D1(ρD), the isospin structure relationships are a bit complicated, since
the isospins of ρ and D1 are Iρ = 1 and ID1 =
1
2 which lead to the total isospin of the three-body
system having two cases: Itotal =
1
2 and Itotal =
3
2 . Therefore, performing a similar derivation of
11
Eq. (24), we obtain
T
(I=1/2)
ρ−D1 : t1 = tρρ =
2
3
tI=031 , t2 = tρD =
1
9
(
8 t
I=3/2
32 + t
I=1/2
32
)
;
T
(I=3/2)
ρ−D1 : t1 = tρρ =
5
6
tI=231 , t2 = tρD =
1
9
(
5 t
I=3/2
32 + 4 t
I=1/2
32
)
;
(26)
where the amplitudes tI=031 , t
I=2
31 are the ones for the ρρ interactions, and t
I=1/2
32 , t
I=3/2
32 for the ρD
interactions, are given in the last section as well.
Using these two-body inputs for the FCA to the Faddeev equations, the three-body scattering
amplitudes can be evaluated. For the first case of D−f2(ρρ) scatterings, the results of the modulus
squared of the amplitudes for |T I=1/2D−f2 |2 are shown in Fig. 5, where a narrow peak around 2997 MeV
with a width of about 14 MeV is found. This peak is about 150 MeV below the D− f2 threshold.
For the second case of ρ −D1(ρD) interactions, we show the results in Fig. 6 for the amplitudes
of |T I=1/2ρ−D1 |2 (left) and |T
I=3/2
ρ−D1 |2 (right). From the left panel of Fig. 6 for |T
I=1/2
ρ−D1 |2, we find a clear
peak around the energy 2929 MeV with a width about 103 MeV, which is about 270 MeV below
the ρ − D1 threshold. From Sec. III, we can see that both of ρρ and ρD are strongly bound to
form the f2 and D1 states. Thus, the large bindings in these peaks will be acceptable. In Particle
Data Group (PDG) [47], there is a D(3000)0 state with isospin I = 1/2 and unknown JP quantum
numbers in the lists, since both natural- and unnatural-parity components are observed in LHCb
experiments [30], where it was reported as a DJ(3000) state with the mass (2971.8 ± 8.7) MeV
and the width (188.1± 44.8) MeV seen in the D∗π invariant mass spectrum, and a D∗J(3000) state
with the mass (3008.1 ± 4.0) MeV and the width (110.5 ± 11.5) MeV found in the Dπ invariant
mass spectrum. The findings of the D
(∗)
J (3000) states had caught much theoretical attentions,
where some theoretical interpretations for them were made from the heavy meson effective theory
[48, 49], the relativistic quark model [50–54], the 3P0 decay model [55, 56], the chiral quark model
[57], and the relativistic potential model with the heavy quark symmetry [58]. In quark models,
the D∗J(3000) state was mostly assigned as a 2
3P0 state with a predicted mass of about 2932 MeV
[50, 51, 56, 58], and the DJ(3000) state mostly as a 3
1S0 state with a mass about 3068 MeV
[50, 51, 56]. But, in Ref. [57], the theoretical mass was about 2949/2919 MeV for 23P0 state, and
2995/2932 MeV for 2P1 state which was associated to DJ(3000) state as concluded in Ref. [50].
On the other hand, there were different assignments in Ref. [52], but, the predicted masses were
consistent with the other quark models, 2928 MeV for the DJ(3000) state and 2957 MeV for the
D∗J(3000) state. More possible assignments for the D
(∗)
J (3000) states and more discussions can also
be found in the recent review of Ref. [32]. In the present work, our predicted masses both in the
D−f2(ρρ) and the ρ−D1(ρD) scatterings are consistent with the D(3000)0 state in PDG and also
consistent with the results of the other models mentioned above, even though the widths of our
model are a bit smaller since we do not take into account the contributions of the large width of
the clusters, the f2 and D1 states, seen Ref. [28] for more discussions. Thus, in our model, we can
conclude that the D(3000)0 state can be a molecular state of D−f2 or ρ−D1 structures with some
uncertainties, where one can determine its JP = 2−. Our predictions for JP quantum numbers
are consistent with the one of possible assignments in Ref. [49]. From the results of |T I=3/2ρ−D1 |2 on
the right panel of Fig. 6, it seems that there is a resonant structure located at about 3100 MeV
but with much larger width (about 650 MeV), which is about 100 MeV lower than the ρ − D1
threshold. The strength of |T I=3/2ρ−D1 |2 is two magnitudes smaller than |T
I=1/2
ρ−D1 |2. Therefore, this
resonant structure has much larger uncertainties.
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B. Four-body interactions
For the four-body interactions, there are also two possible cases: (i) particle 3 = f2, cluster
R = D1 (1 = ρ, 2 = D), or (ii) particle 3 = D1, resonance R = f2 (1 = ρ, 2 = ρ). Due to the
isospins of the two clusters, If2 = 0 and ID1 =
1
2 , the total isospins of two four-body systems are
Itotal =
1
2 . Let’s discuss the basic inputs of the FCA formalism for the four-body interactions. For
the first case of f2 colliding with the D1, the amplitudes t1 = tf2ρ = Tρ−f2 , which can be reproduced
by following Ref. [25], and t2 = tf2D = TD−f2 has been calculated in the former subsection. For
the second case of D1 interacting with the f2, the amplitudes t1 = t2 = tD1ρ = Tρ−D1 are also
obtained in the former subsection. Since the isospins of D1 and D are I =
1
2 , the isospin structure
for the input amplitues of D1− f2 is similar to the case of D− f2. Thus, using Eq. (25) we obtain
t1 = TρD1 =
1
3
(
2T
I=3/2
31 + T
I=1/2
31
)
, t2 = t1, (27)
where the isospin amplitudes of TρD1 can be evaluated from the last subsection.
In Fig. 7, we show our results of the modulus squared of the scattering amplitudes, where
|T I=1/2f2−D1 |2 is on the left and |T
I=1/2
D1−f2 |2 on the right. In the left panel of Fig. 7, one can see a
resonant peak at the region of about 3135 MeV with a width about 344 MeV. In the right panel of
Fig. 7, we also find a resonant structure around the energy 3180 MeV, of which the width is about
390 MeV. The strengths of both peaks of |T I=1/2D1−f2 |2 and |T
I=1/2
f2−D1 |2 are nearly the same magnitudes.
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FIG. 7: Modulus squared of the scattering amplitudes: Tf2−D1 (left) and TD1−f2 (right).
For these two resonant structures, there is no corresponding state listed in the PDG [47], since
their masses are almost out of the searching range of the experiments [30]. There were also some
predicted charm states with masses around the region of 2816 ∼ 3288 MeV in the quark models
[50–52, 56, 58], which are consistent with our results. Therefore, a new D3(3160) state is predicted
in our model with some uncertainties, of which the mass is about 3135 ∼ 3190 MeV and the width
about 344 ∼ 390 MeV.
C. Five-body interactions
In the former subsection, we have shown the results for the four-body interactions, where a new
D3 state is found as we expected. Therefore, this predicted D3 state also can be a cluster of the
FCA. Thus, there also are two options for the clusters in the five-body interactions, as assuming
in Table. II, one of which is the f4 state listed in the PDG and studied in Ref. [25], and the other
one the bound state of D3 predicted above. Then, letting another particle (D or ρ) collide with
them, we have two possibilities: (i) particle 3 = D, cluster R = f4 (1 = f2, 2 = f2), or (ii) 3 = ρ,
R = D3 (1 = f2, 2 = D1). For the first option, since the isospin If4 = 0 and ID3 =
1
2 , the total
isospin of the D − f4 system is only one possibility, Itotal = 12 , of which the isospin structure is
similar to the three-body interactions of D particle colliding with f2 before (D − f2). The input
amplitudes t1 = t2 = tDf2 = T
(I=1/2)
D−f2 have been evaluated in Subsec. IVA of the three-body
interactions. But for the second option, the total isospin of ρ −D3 system has two probabilities,
Itotal =
1
2 or Itotal =
3
2 , where the situations of ρ−D3 are analogous to the one of the three-body
interactions ρ −D1 in Subsec. IVA. Thus, doing a similar derivation as Eq. (24), we obtain the
isospin structures for the case of ρ−D3 interactions,
T
(I=1/2)
ρ−D3 : t1 = tρf2 = T
(I=1)
31 , t2 = tρD1 = T
I=1/2
32 ;
T
(I=3/2)
ρ−D3 : t1 = tρf2 = T
(I=1)
31 , t2 = tρD1 = T
I=3/2
32 ,
(28)
where the amplitude T
(I=1)
31 for Tρ−f2 has been calculated in the Subsec. IVB following Ref. [25],
and the amplitudes T
I=1/2
32 and T
I=3/2
32 , for T
I=1/2
ρ−D1 and T
I=3/2
ρ−D1 , are computed in Subsec. IVA.
Our results are shown in Fig. 8 for the two cases of the five-body interactions. From these
results, there is a very narrow resonant peak around the energy 3732 MeV with a width of about
9 MeV in the left panel of Fig. 8 for the results of |T I=1/2D−f4 |2. By contrast, a wide resonant structure
is found in the right panel of Fig. 8 for the results of |T I=1/2ρ−D3 |2, of which the mass is abut 3412 MeV
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FIG. 8: Modulus squared of the scattering amplitudes of TD−f4 (left) and Tρ−D3 (right).
and the width 571 MeV. Besides, it seems to be another wide resonant structure at the region
of 3774 MeV with a width of 522 MeV for the results of |T I=3/2ρ−D3 |2 on the right of Fig. 8. Note
that, the states of D − f4 (with isopin I = 1/2) and ρ − D3 (with I = 3/2) seems to be less
bound, of which the binding energy is about 150 MeV for both of them, and the one of ρ − D3
with I = 1/2 is bound up to about 500 MeV. Some predicted charm states in the energy region
of 3296 ∼ 3843 MeV were found in Refs. [51, 52, 56, 58] with the quark models, which cover the
range of our predicted masses. Since no evidence in the PDG [47] for the findings in our model,
three new D4 states can be predicted with some uncertainties, two isopin I = 1/2 states and one
I = 3/2 state, a narrow D4(3730) state, a wide D4(3410) state and another wide D4(3770) state,
respectively.
D. Six-body interactions
For the six-body interactions, analogously to the five-body interactions with a new predicted
D3 state in the four-body interactions of Subsec. IVB, there are also two options of the clusters,
seen in Table II, the states of f4 and D3. Therefore, we let the state D1 or f2 collide with
them, having: (i) particle 3 = D1, cluster R = f4 (1 = f2, 2 = f2), or (ii) 3 = f2, R = D3
(1 = f2, 2 = D1). Since the isospins of If2 = If4 = 0 and ID1 = ID3 =
1
2 , the total isospins of the
six-body systems can only be Itotal =
1
2 . For the first case of D1 − f4 interactions, the essential
amplitudes t1 = t2 = tD1f2 = T
(I=1/2)
D1−f2 have been evaluated in the four-body interactions of Subsec.
IVB. In fact, having two cases for the four-body interactions ofD1−f2, there is another possibilities
for the input amplitudes of tD1f2 , which means that one can choose t1 = t2 = tD1f2 = T
(I=1/2)
f2−D1 too.
For the second case of f2 colliding with the D3, one of the input amplitudes t1 = tf2f2 = Tf2−f2
can be evaluated by reproducing the results of Ref. [25], and the other one t2 = tf2D1 = Tf2−D1 is
done in the four-body interactions of Subsec. IVB.
We show our results for the six-body interactions in Fig. 9, where the results of |T I=1/2D1−f4 |2 are
on the left and the ones of |T I=1/2f2−D3 |2 on the right. From Fig. 9, the resonant structures are found
in both scattering cases, even though the widths of the peaks are very wide. For the first case, by
taking T
(I=1/2)
D1−f2 as input amplitudes, we find a peak at the region of about 3569 MeV with a large
width of about 1009 MeV, and taking T
(I=1/2)
f2−D1 for the inputs, a resonant peak is located at about
3523 MeV, of which the width is about 1160 MeV. Thus, we can see that the different options
for the input amplitudes of tD1f2 do not affect much on the results. For the second case of f2
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FIG. 9: Modulus squared of the scattering amplitudes of TD1−f4 (left) and Tf2−D3 (right).
interacting with the D3 state, seen the right panel of Fig. 9, we can observe another peak at the
position of 3625 MeV, of which the width is more than 1200 MeV. Using the quark models, some
charm states were predicted in the energy region of 3397 ∼ 3722 MeV in Refs. [51, 56], where our
results are within their predictions. For no D5 states in the PDG [47], we can predict a new D5
state with more uncertainties from our results, with a mass of about 3523 ∼ 3625 MeV and a very
large width about 1009 ∼ 1200 MeV or more (also very large uncertainties in our results), which
may be a molecular state of D1 − f4 or f2 −D3 structure.
V. CONCLUSIONS
Since some D
(∗)
J states had been found by LHCb experiments, in the present work, we apply the
formalism of the fixed-center-approximation to Faddeev equations to investigate the interactions of
the D-muti-ρ systems, where we search the bound states in the interactions. First, we dynamically
reproduce the states of f2(1270) and D1(2420) in the two-body ρρ and ρD interactions respectively,
which are assumed as the fixed center of the three-body interactions. Then, we extrapolate the
formalism to the systems of one by one from the three-body systems up to the six-body systems.
What we obtain are summarized in Table III, where we have found some bound states in the
multi-body interactions. In the three-body interactions, we associate the state D(3000)0 in PDG
as a molecular state of D− f2 or ρ−D1 structure with some uncertainties, where we determine its
JP = 2−. There is another possible isospin I = 3/2 state, D2(3100), which has more uncertainties.
We find a bound state of D3(3160) with I(J
P ) = 12(3
+) in the four-body interactions, which is a
molecule of f2 −D1 structure. There are three predictions in the five-body interactions, a narrow
D4(3730) state with I(J
P ) = 12(4
−), a wide D4(3410) state of I(JP ) = 12(4
−), and another wide
D4(3770) state but with I(J
P ) = 32 (4
−). Finally, with much more uncertainties, we find aD5(3570)
state with I(JP ) = 12 (5
+) in the six-body interactions, which has a very large width. Hope some
predicted states can be searched in the future experiments.
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TABLE III: Results of the D-multi-ρ interactions (units: MeV).
Interactions I(JP ) Results (mass, width) PDG Pridictions
Three-body D − f2 (ρρ) 12 (2−) (2997, 14) D(3000)0 · · ·
ρ−D1 (ρD) 12 (2−) (2929, 103) D(3000)0 · · ·
ρ−D1 (ρD) 32 (2−) (3100,∼ 650) · · · D2(3100)
Four-body f2 −D1 (ρD) 12 (3+) (3135, 344) · · · D3(3160)
D1 − f2 (ρρ) 12 (3+) (3180, 390) · · · D3(3160)
Five-body D − f4 (f2f2) 12 (4−) (3732, 9) · · · D4(3730)
ρ−D3 (f2D1) 12 (4−) (3412, 571) · · · D4(3410)
ρ−D3 (f2D1) 32 (4−) (3774, 522) · · · D4(3770)
Six-body D1 − f4 (f2f2) 12 (5+) (3569/3523, 1009/1160) · · · D5(3570)
f2 −D3 (f2D1) 12 (5+) (3625, > 1200) · · · D5(3570)
Appendix A: The box diagram contributions and the convolutions of the loop functions
As done in Ref. [36], the contributions of the box diagrams should be considered for the
corrections of the potentials V I . The main contribution is ππ-box diagram for ρρ interactions,
written
ρρV
(I=0,S=2)
box(ππ) (s) = 8V˜
(ππ), (A1)
where V˜ (ππ) is given by
V˜ (ππ)(s) =
32g4
15π2
∫ q′max
0
d~q ~q 6[10ω2 − (k03)2]
1
ω3
( 1
k01 + 2ω
)2 1
P 0 + 2ω
× 1
k01 +
Γ
4 − 2ω + iǫ
1
k01 − Γ4 − 2ω + iǫ
1
P 0 − 2ω + iǫF (~q )
4,
(A2)
where the energies ω =
√
~q 2 +m2π,
√
s = P 0 = k01 + k
0
2, and a cut off of q
′
max = 1200 MeV is
chosen in the integration, which is within a natural size [43]. Beside, F (~q ) is a form factor for an
off-shell pion in each vertex, in the case of ππ-box, taken
F (~q ) =
Λ2 −m2π
Λ2 + ~q 2
, (A3)
with a scale of Λ = 1300 MeV.
Next, we discuss how to do the convolutions for the the loop functions. The elements of the
matrix GI in Eq. (19) are given by two meson loop functions, having
GIii(s,m1,m2) = i
∫
d4q
(2π)4
1
q2 −m21 + iǫ
1
(P − q)2 −m22 + iǫ
, (A4)
which can be regularized by the cut off method, obtained
GIii(s,m1,m2) =
∫ qmax
0
~q 2d|~q|
(2π)2
ω1 + ω2
ω1ω2[(P 0)2 − (ω1 + ω2)2 + iǫ] , (A5)
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where the energies ωi are defined as the ones in Eqs. (7) and (8), the centre-of-mass energy
(P 0)2 = s, and we use a cutoff of qmax = 875 MeV for the ρρ interactions.
Considering a finite width of the vector meson in the loop function, the effects of the propagation
of unstable particles are taken into account in terms of the Lehmann representation, which is
formulated by the dispersion relation with its imaginary part, written
F (s) =
∫ ∞
sth
ds′
(
− 1
π
)
ImF (s′)
s− s′ + iǫ , (A6)
where sth is the square of the threshold energy, and the spectral function is taken as
ImF (s′) = Im
{
1
s′ −M2V + iMV ΓV
}
, (A7)
with MV and ΓV the mass and the width of the vector meson which can be taken as their physical
value in most of cases. Thus, using the Lehmann representation for each ρ meson in the ρρ channel,
we can take into account the convolutions for the loop functions with the ρ mass distributions,
given by
G˜ρρ(s) =
1
N2
∫ (mρ+2Γρ)2
(mρ−2Γρ)2
dm˜21
(
− 1
π
)
Im
1
m˜21 −m2ρ + im˜1Γ(m˜1)
×
∫ (mρ+2Γρ)2
(mρ−2Γρ)2
dm˜22
(
− 1
π
)
Im
1
m˜22 −m2ρ + im˜2Γ(m˜2)
Gρρ(s, m˜1, m˜2),
(A8)
with the normalization factor as
N =
∫ (mρ+2Γρ)2
(mρ−2Γρ)2
dm˜21
(
− 1
π
)
Im
1
m˜21 −m2ρ + im˜1Γ(m˜1)
, (A9)
Γ(m˜1) = Γρ
(m˜21 − 4m2π
m2ρ − 4m2π
)3/2
, (A10)
where Γρ = 146.2 MeV and Gρρ(s, m˜1, m˜2), is given by Eq. (A5). Note that, we have taken a
energy dependent decay width Γ(m˜1) for the large decay width of the ρ meson.
For the case of the ρD interactions, seen the Subsec. IIIB, we use the explicit expression for
the loop function with the dimensional regularization to Eq. (A4), written
Gii(s,Mi,mi) =
1
16π2
{
a(µ) + ln
M2i
µ2
+
m2i −M2i + s
2s
ln
m2i
M2i
+
qi√
s
[
ln(s− (M2i −m2i ) + 2qi
√
s)
+ln(s+ (M2i −m2i ) + 2qi
√
s)
−ln(−s+ (M2i −m2i ) + 2qi
√
s)
−ln(−s− (M2i −m2i ) + 2qi
√
s)
]}
, (A11)
where a(µ) is a subtraction constant related to a regularization scale of µ, taking µ = 1500 MeV and
a(µ) = −1.55 from the fits of Ref. [37], Mi and mi are the masses of the vector and pseudo-scalar
mesons respectively, and the momentum at the center of mass frame, qi, is given by
qi =
√
[s− (Mi −mi)2][s− (Mi +mi)2)]
2
√
s
. (A12)
18
Using the Lehmann representation of Eq. (A6), we can evaluate the convolution for the loop
function which only has one vector meson of large width in the channel i,
G˜ii(s,Mi,mi) =
1
Ni
∫ (Mi+2Γi)2
(Mi−2Γi)2
ds′Gii(s,
√
s′,mi)
×
(
− 1
π
)
Im
{
1
s′ −M2i + iMiΓi
}
, (A13)
where Gii is given by Eq. (A11), and the normalization factor for the ith component
Ni =
∫ (Mi+2Γi)2
(Mi−2Γi)2
ds′ ×
(
− 1
π
)
Im
{
1
s′ −M2i + iMiΓi
}
, (A14)
with Γi the width of the vector meson.
[1] L. D. Faddeev, Sov. Phys. JETP 12, 1014 (1961) [Zh. Eksp. Teor. Fiz. 39, 1459 (1960)].
[2] S. Weinberg, Phys. Rev. 133, B232 (1964).
[3] T. D. Lee, Phys. Rev. 95, 1329 (1954).
[4] L. Rosenberg, Phys. Rev. 140, B217 (1965).
[5] V. A. Alessandrini and R. L. Omnes, Phys. Rev. 139, B167 (1965).
[6] W. Glo¨ckle, Nucl. Phys. A 141, 620 (1970).
[7] U.-G. Meißner, G. Rı´os and A. Rusetsky, Phys. Rev. Lett. 114, no. 9, 091602 (2015) Erratum: [Phys.
Rev. Lett. 117, no. 6, 069902 (2016)] [arXiv:1412.4969 [hep-lat]].
[8] C. Elster, W. Schadow, A. Nogga and W. Glo¨ckle, Few Body Syst. 27, 83 (1999) [nucl-th/9805018].
[9] P. F. Bedaque, H. W. Hammer and U. van Kolck, Nucl. Phys. A 646, 444 (1999) [nucl-th/9811046].
[10] V. N. Gribov, V. V. Anisovich and A. A. Anselm, Nucl. Phys. 38, 132 (1962).
[11] V. V. Anisovich, D. V. Bugg, A. V. Sarantsev and B. S. Zou, Phys. Rev. D 50, 1972 (1994).
[12] P. Guo, Mod. Phys. Lett. A 31, no. 10, 1650058 (2016) [arXiv:1506.00042 [hep-ph]].
[13] A. E. Kudryavtsev, V. A. Gani and A. I. Romanov, arXiv:1606.02259 [nucl-th].
[14] H.-W. Hammer and S. Ko¨nig, arXiv:1610.02961 [nucl-th].
[15] G. Toker, A. Gal and J. M. Eisenberg, Nucl. Phys. A 362, 405 (1981).
[16] V. Lensky, V. Baru, J. Haidenbauer, C. Hanhart, A. E. Kudryavtsev and U.-G. Meißner, Eur. Phys. J.
A 26, 107 (2005) [nucl-th/0505039].
[17] K. Miyagawa and J. Haidenbauer, Phys. Rev. C 85, 065201 (2012) [arXiv:1202.4272 [nucl-th]].
[18] N. V. Shevchenko, arXiv:1608.06126 [nucl-th].
[19] D. Jido, E. Oset and T. Sekihara, Eur. Phys. J. A 49, 95 (2013) [arXiv:1207.5350 [nucl-th]].
[20] M. Bayar, J. Yamagata-Sekihara and E. Oset, Phys. Rev. C 84, 015209 (2011) [arXiv:1102.2854 [hep-
ph]].
[21] L. L. Foldy, Phys. Rev. 67, 107 (1945).
[22] R. C. Barrett and A. Deloff, Phys. Rev. C 60, 025201 (1999).
[23] A. E. Kudryavtsev, A. I. Romanov and V. A. Gani, Phys. Atom. Nucl. 76, 919 (2013) [arXiv:1209.2145
[nucl-th]].
[24] A. Mart´ınez Torres, K. P. Khemchandani and E. Oset, Phys. Rev. C 77, 042203 (2008) [arXiv:0706.2330
[nucl-th]].
[25] L. Roca and E. Oset, Phys. Rev. D 82, 054013 (2010) [arXiv:1005.0283 [hep-ph]].
[26] J. Yamagata-Sekihara, L. Roca and E. Oset, Phys. Rev. D 82, 094017 (2010) Erratum: [Phys. Rev. D
85, 119905 (2012)] [arXiv:1010.0525 [hep-ph]].
[27] C. W. Xiao, M. Bayar and E. Oset, Phys. Rev. D 86, 094019 (2012) [arXiv:1207.4030 [hep-ph]].
[28] C. W. Xiao, Phys. Rev. D 92, no. 5, 054011 (2015) [arXiv:1501.07834 [hep-ph]].
[29] E. Oset et al., Acta Phys. Polon. B 47, 357 (2016) [arXiv:1510.05547 [hep-ph]].
[30] R. Aaij et al. [LHCb Collaboration], JHEP 1309, 145 (2013) [arXiv:1307.4556 [hep-ex]].
[31] R. Aaij et al. [LHCb Collaboration], Phys. Rev. D 92, no. 3, 032002 (2015) [arXiv:1505.01710 [hep-ex]].
19
[32] H. X. Chen, W. Chen, X. Liu, Y. R. Liu and S. L. Zhu, arXiv:1609.08928 [hep-ph].
[33] F. K. Guo and U.-G. Meißner, Phys. Rev. D 84, 014013 (2011) [arXiv:1102.3536 [hep-ph]].
[34] J. Yamagata-Sekihara, J. Nieves and E. Oset, Phys. Rev. D 83, 014003 (2011) [arXiv:1007.3923 [hep-
ph]].
[35] M. Bayar, X. L. Ren and E. Oset, Eur. Phys. J. A 51, no. 5, 61 (2015) [arXiv:1501.02962 [hep-ph]].
[36] R. Molina, D. Nicmorus and E. Oset, Phys. Rev. D 78, 114018 (2008) [arXiv:0809.2233 [hep-ph]].
[37] D. Gamermann and E. Oset, Eur. Phys. J. A 33, 119 (2007) [arXiv:0704.2314 [hep-ph]].
[38] U.-G. Meißner, Phys. Rept. 161, 213 (1988).
[39] M. Bando, T. Kugo and K. Yamawaki, Phys. Rept. 164, 217 (1988).
[40] M. Harada and K. Yamawaki, Phys. Rept. 381, 1 (2003) [hep-ph/0302103].
[41] J. A. Oller and E. Oset, Nucl. Phys. A 620, 438 (1997) Erratum: [Nucl. Phys. A 652, 407 (1999)]
[hep-ph/9702314].
[42] E. Oset and A. Ramos, Nucl. Phys. A 635, 99 (1998) [nucl-th/9711022].
[43] J. A. Oller and U.-G. Meißner, Phys. Lett. B 500, 263 (2001) [hep-ph/0011146].
[44] D. Gu¨lmez, U.-G. Meißner and J. A. Oller, arXiv:1611.00168 [hep-ph].
[45] L. Roca, E. Oset and J. Singh, Phys. Rev. D 72, 014002 (2005) [hep-ph/0503273].
[46] C. W. Xiao, M. Bayar and E. Oset, Phys. Rev. D 84, 034037 (2011) [arXiv:1106.0459 [hep-ph]].
[47] C. Patrignani et al. (Particle Data Group), Chin. Phys. C, 40, 100001 (2016).
[48] Z. G. Wang, Phys. Rev. D 88, no. 11, 114003 (2013) [arXiv:1308.0533 [hep-ph]].
[49] M. Batra and A. Upadhayay, Eur. Phys. J. C 75, no. 7, 319 (2015) [arXiv:1505.00549 [hep-ph]].
[50] Y. Sun, X. Liu and T. Matsuki, Phys. Rev. D 88, no. 9, 094020 (2013) [arXiv:1309.2203 [hep-ph]].
[51] S. Godfrey and K. Moats, Phys. Rev. D 93, no. 3, 034035 (2016) [arXiv:1510.08305 [hep-ph]].
[52] J. B. Liu and C. D. Lu¨, arXiv:1605.05550 [hep-ph].
[53] J. Segovia, D. R. Entem, F. Fernandez and E. Hernandez, Int. J. Mod. Phys. E 22, 1330026 (2013)
[arXiv:1309.6926 [hep-ph]].
[54] J. B. Liu and M. Z. Yang, Chin. Phys. C 40, no. 7, 073101 (2016) [arXiv:1507.08372 [hep-ph]].
[55] G. L. Yu, Z. G. Wang, Z. Y. Li and G. Q. Meng, Chin. Phys. C 39, no. 6, 063101 (2015) [arXiv:1402.5955
[hep-ph]].
[56] Q. F. Lu¨ and D. M. Li, Phys. Rev. D 90, no. 5, 054024 (2014) [arXiv:1407.3092 [hep-ph]].
[57] L. Y. Xiao and X. H. Zhong, Phys. Rev. D 90, no. 7, 074029 (2014) [arXiv:1407.7408 [hep-ph]].
[58] T. Matsuki, Q. F. Lu¨, Y. Dong and T. Morii, Phys. Lett. B 758, 274 (2016) [arXiv:1602.06545 [hep-ph]].
20
